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Debye–Waller (DW) factors and structure factors have been measured for Si

using convergent-beam electron diffraction (CBED) experiments with a

transmission electron microscope equipped with a field-emission gun and a

post-column energy-filtering device. Si has been used here to evaluate the

accuracy of multi-beam near-zone-axis orientations for the simultaneous

refinement of DW factors and multiple structure factors. Strong dynamic

interactions among different beams are obtained by tilting the crystal to specific

four- or six-beam orientations near major zone axes, which provide sufficient

sensitivity to determine accurate DW factors and structure factors. The DW

factors of Si were measured using four-beam conditions near the [001] zone axis

for temperatures ranging from 96 to 300 K. A comparison of the multi-beam

near-zone-axis orientations with other CBED methods for DW and structure

factor Fg refinement is presented.

1. Introduction

X-ray and electron diffraction experiments have been

used successfully in the past to determine structure factors and

also temperature factors, i.e. Debye–Waller (DW) factors

(Zuo et al., 1999; Jiang et al., 2003; Tsuda & Tanaka, 1999;

Ogata et al., 2008). Based on sufficiently accurately measured

sets of structure factors, the electron-density distribution in

crystals can be determined experimentally, providing data of

direct utility for validation of predictions from theory and

computer simulations (Jiang et al., 2003; Zuo et al., 1999;

Ogata et al., 2008). Successful application of X-ray scattering

techniques for structure-factor determination is limited to

materials for which high-quality (low defect density) single

crystals of sufficiently large dimensions (several hundred mm

in linear dimensions) can be prepared. This typically has

prevented experimental determination of electron-density

distribution and bonding charge for metals and intermetallic

systems using X-rays, since it is difficult to obtain crystals of

sufficient size and quality. Using a contemporary transmission

electron microscope (TEM), electron-beam probes as small as

�0.2–1.0 nm in diameter can be formed routinely for the

acquisition of convergent-beam electron diffraction (CBED)

patterns. Hence, a major advantage of CBED methods with

respect to X-ray methods is the reduced scale of the

defect-free single-crystal sample volume that is required.

For instance, using a 10 nm-diameter electron probe for a

100 nm-thick sample the CBED signal is generated from a

material volume of about �8 � 103 nm3 compared to

the �3 � 1016 nm3 = 3 � 107 mm3 sample volume typically

required for X-ray diffraction. As a result, quantitative CBED

has been used for accurate measurement of structure factors

and the experimental determination of electron density for a

wide variety of materials, including some metals and

intermetallics (Jiang et al., 2003; Zuo et al., 1999; Friis et al.,

2005).

Structure-factor measurements by quantitative CBED

(QCBED) have utilized one of three different types of

diffraction geometries, namely those associated with the so-

called ‘systematic row method’ (Zuo et al., 1999; Nüchter et al.,

1998), the zone-axis pattern (ZAP) method (Saunders et al.,

1999a,b) and the modified ZAP method (Tsuda & Tanaka,

1999). Each of these CBED methods has its advantages and

disadvantages regarding electron-density determination from

experimental measurements of accurate and precise structure

factors.

The ‘systematic row method’ uses an incident-beam direc-

tion relative to the crystal that leads to one strongly excited

diffracted beam or g vector, setting up a two-beam condition

comprised of the strong transmitted and the singular

diffracted beam. This leads to very strong interaction between

the incident beam and the diffracted beam, and renders the

intensities in the respective CBED discs very sensitive to

changes in the corresponding structure factor Fg. Line profiles

in the transmitted- and the diffracted-beam CBED discs are

typically used for refinement (Zuo et al., 1999; Nüchter et al.,



1998). This method requires the least computational time

compared to the other two methods. However, it proves

difficult to determine the exact incident-beam direction used

in experiments and only one structure factor can be obtained

from each CBED experiment.

For ZAP CBED (Saunders et al., 1999a,b) the crystal is

tilted into a high-symmetry or zone-axis orientation and the

entire two-dimensional experimental CBED pattern is

compared with a computer-calculated pattern. Unlike the

systematic row method, where only two beams interact

strongly with each other, in ZAP CBED several low-order

diffracted beams, ghkl, interact dynamically, which allows for

the simultaneous determination of multiple structure factors

for beams in the zero-order Laue zone (ZOLZ). Additionally,

the crystal orientation and the quality of the zone-axis pattern

can be evaluated relatively easily by exploiting the symmetry

of the ZAP. This method has been utilized rarely in the past,

because of the significantly increased complexity of the

refinement process and the associated increased computa-

tional effort relative to the line-profile-based refinements of

the systematic row method. However, the increase in afford-

ably available computing power over the past two decades has

rekindled interest in the ZAP CBED method (Ogata et al.,

2008; Mueller et al., 2009).

Tsuda & Tanaka (1999) modified the ZAP CBED method

by including high-order Laue zone (HOLZ) beams in the

refinement routine. Since the background for high-order discs

is lower and more uniform than in ZOLZ discs it can be

subtracted in HOLZ reflections with improved confidence.

However, distortions caused by the electron optical lens

system and the energy-filtering and imaging device (e.g. post-

column Gatan imaging filter, GIF, or in-column Omega filter

type and recording devices) of the TEM instrument increase

with increasing scattering angle and therefore cannot be

neglected in the HOLZ CBED discs. Correcting for such

distortions has proved complicated and tends to introduce

significant uncertainty to the refinement results, which at least

partly negates the advantage regarding background subtrac-

tion offered by use of the HOLZ discs. The requirement for

simultaneous acquisition of the ZOLZ and HOLZ discs in the

modified ZAP CBED method implies the need to use a TEM

instrument equipped with an in-column Omega-type energy-

filtering device, since post-column energy-filtering devices

currently restrict the scattering-angle range that can be

acquired in single exposures to ZOLZ discs. Recently, Ogata et

al. (2008) used modified ZAP CBED and near-zone-axis

sample–beam orientations to determine DW factors and

structure factors for Si simultaneously. They acquired CBED

patterns of different sample–beam orientations, which were

subsequently combined and refined simultaneously, allowing

for robust and simultaneous refinement of DW factors and

multiple structure factors.

Methods for CBED experiments that enable robust simul-

taneous refinements for DW factors and multiple structure

factors are very desirable in the quest to determine experi-

mentally electron densities in crystals. The room-temperature

DW factors for atoms in the stable crystal structures of the

elements, e.g. Si or Cu, are typically known from prior studies

with sufficient accuracy for use as starting values in structure-

factor refinements. However, the DW factors of the various

atom species that constitute the unit-cell content for multi-

elemental chemical compounds, e.g. metal oxide, nitride,

carbide and boride phases and also for intermetallic

compounds, are reasonably expected to vary from those

known for the respective elements owing to the effects of

interatomic bonding. For instance, the room-temperature DW

factor for Al atoms in the face-centered-cubic (f.c.c.) structure

of the element, B(Al)f.c.c. = 0.86 (1) Å2, is significantly different

from that of Al atoms in the intermetallic compound NiAl

with a chemically ordered primitive cubic structure of the CsCl

type, B(Al)NiAl = 0.47 (1) Å2, as a result of the differences

in interatomic bonding (Butt et al., 1988; Georgopoulos &

Cohen, 1977). Therefore, to determine experimentally the

electron density and probe interatomic bonding in multi-

elemental chemical compounds, it is necessary to refine DW

factors and structure factors simultaneously. Ideally, this is

accomplished by utilization of sufficiently information-rich

data obtained from a single sample of the material in a single

experimental TEM session, since this limits uncertainty arising

from non-systematic effects, such as even minor variations in

chemical composition between different samples of a given

phase/material or significant changes in background inten-

sities, for instance.

The current paper introduces different sample–beam

orientations, which provide an effective combination of

advantages of the systematic row method, e.g. reasonable

computational effort, high-contrast dynamical features in the

disc, and the ZAP method, e.g. easy determination of incident-

beam direction, simultaneous determination of multiple

structure factors, and are suitable for QCBED experimenta-

tion without the need for an in-column Omega-type energy-

filtering-device-equipped TEM instrument. To achieve both

high sensitivity for structure-factor and DW-factor refinement

and easily examinable symmetry, CBED patterns are recorded

for crystal orientations relative to the incident beam that are

within a few Bragg angles of a low-order zone-axis orientation

with three or more strongly diffracting beams. These orien-

tations are referred to as multi-beam near-zone-axis orienta-

tions in the remainder of the paper. Dynamical interaction

of four (transmitted and three diffracted beams) or six

(transmitted and five diffracted) strongly excited beams

restricts and distributes intensity uniformly among all excited

discs, including the transmitted-beam or zero-beam disc. This

constitutes a major advantage with regard to ZAP CBED in

which the intensity in the center disc is always much higher

compared to that of the diffracted-beam discs, corrupting

intensities in the diffracted discs by background and noise.

Additionally, it has been shown that off-zone-axis patterns are

more sensitive to structure-factor changes than perfect on-axis

ZAP (Burgess, 1994; Ogata et al., 2008). Nakashima (2007)

used off-zone-axis patterns to illustrate the advantage of

improved background subtraction in quantification of CBED

pattern intensities and successfully determined structure

factors by QCBED without use of an energy filter. However,
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the method was not applied specifically for DW factor deter-

mination.

To evaluate the accuracy of the multi-beam near-zone-axis

orientations, zero-loss filtered CBED patterns have been

acquired for single crystals of Si (space group Fd3m, No. 227)

using a post-column energy-filtering device attached to a field-

emission-gun-equipped TEM instrument, and DW factors and

structure factors have been measured at several temperatures

ranging from 96 to 300 K, including those used in previous

reports and adding one new temperature. Also, ZAP CBED

experiments have been performed for Si. Results of the

refinements for DW factors and structure factors obtained

from the multi-beam near-zone-axis CBED method experi-

ments for Si are compared with those from ZAP CBED

experiments performed here and those reported in previous

studies.

2. Experiments

2.1. Bloch wave calculation of CBED patterns

The interaction between fast electrons and crystals has been

fully described (Bethe, 1928; Spence, 1993; Tsuda & Tanaka,

1995). In the Bloch wave formalism the electron wavefunction

in a crystal with a periodical potential must satisfy the relati-

vistically corrected Schrödinger equation as follows,

�
h2

8�2m
r

2�ðrÞ � jejVðrÞ�ðrÞ ¼
h2K2

o

2m
�ðrÞ: ð1Þ

This equation can be solved by expanding the crystal potential

and the wavefunction into Fourier series

VðrÞ ¼
P

g

Vg expð2�ig � rÞ; ð2Þ

�ðrÞ ¼
P

g

CgðkÞ exp½2�iðkþ gÞ � r�: ð3Þ

Substitution of equations (2) and (3) into equation (1) leads to

a set of basis equations

½K2
� ðkþ gÞ2�2CgðkÞ þ

P
h 6¼g

UhCg�hðkÞ ¼ 0; ð4Þ

with K2 ¼ 2meðEþ V0Þ=h2 and Ug ¼ 2meVg=h2. This eigen-

value problem can be solved using numerical methods. The jth

eigenvalue kðjÞ and the jth eigenvector CðjÞg are calculated and

form the jth branch of Bloch waves

�ðjÞ ¼
P

g

CðjÞg expf2�i½kðjÞ þ g� � rg: ð5Þ

Wavefunctions �ðrÞ can then be expressed as a sum of Bloch

waves with coefficients cðjÞ, which are calculated using

boundary conditions on the surfaces,

�ðrÞ ¼
P

j

cðjÞ
P

g

CðjÞg expf2�i½kðjÞ þ g� � rg: ð6Þ

Rearranging terms in equation (6), the amplitude of reflection

g at thickness t can be calculated:

�gðtÞ ¼
P

j

cðjÞCðjÞg exp½2�ikðjÞz t�; ð7Þ

provided that beam orientation, sample orientation, accel-

erating voltage and sample thickness are known. The intensity

I along each g direction after dynamical interactions can be

calculated based on equation (7) by

I ¼ �gðtÞ � �gðtÞ
�� ��: ð8Þ

We have used and adapted a public-domain simulation and

refinement routine software, namely MBFIT (many-beam

dynamical calculations and least-squares fitting), based on the

Bloch wave formalism developed by Tsuda & Tanaka (1999).

The initial values of the real parts of the electron-scattering

structure factors are converted from X-ray structure factors,

which are calculated based on atomic scattering factors from

Doyle & Turner (1968). The imaginary part of the structure

factors which takes into account thermal diffuse scattering

(TDS) is calculated using a method described by Bird & King

(1990).

2.2. Experimental CBED and data pre-processing

Experimental CBED patterns were acquired using a Jeol

JEM 2100 F TEM operated at nominally 200 kV and equipped

with a GIF TRIDIEM post-column energy filter (Gatan Inc.).

A double-tilt cooling stage holder (Gatan Inc.) was used to

acquire CBED patterns at temperatures as low as 96 K to

reduce TDS. Zero-loss peak, energy-filtered CBED patterns

were acquired using an electron-beam diameter of 0.5 nm,

essentially eliminating the possible role of thickness variations

on the CBED pattern intensity, with a 5–8 eV-wide energy-

selecting slit and recorded on a charge-coupled device (CCD)

camera with a maximum resolution of 2048 � 2048 and for

sample temperatures of 96 K, 173 K and room temperature,

300 K.

The exact sample orientation with respect to the incident

beam is important for the refinement process. In patterns

obtained from thick regions, Kikuchi bands can be used to

index the diffraction pattern and to determine crystal orien-

tation with respect to the incident beam. In thinner sample

regions, where Kikuchi bands are too weak or absent, features

in the CBED discs are used for crystal orientation determi-

nation. In comparison to the ZAP method, the small crystal

tilt away from the exact zone-axis orientation brings the

respective diffracted-beam discs in the multi-beam near-zone-

axis method we used very close to or exactly into Bragg

conditions, i.e. the associated excitation error sg is small or

zero. This renders the contrast features resulting from dyna-

mical beam interactions observed in the diffracted CBED

discs to become coarser. The contrast feature periodicity in the

discs is approximately proportional to the inverse of the

effective excitation error seff, which is given as

seff ¼ ½s
2 þ ð1=�2

gÞ�
1=2

ð9Þ

with �g the extinction distance. Then, the intensity, I, can be

written as

I ¼
1

V

�

�g

� �2
sin2
ð�sefftÞ

ð�seffÞ
2
: ð10Þ
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A small sg results in small seff and concomitantly in an enlarged

or coarser periodicity in the contrast feature characteristic of

the CBED disc. For data extraction from the experimentally

acquired patterns coarser features prove to be less sensitive to

small misalignment than finer features. Every point in each

disc is associated with a beam direction and the intensity, Ical
i ,

is obtained using the Bloch wave method described above.

Generally, a camera length is selected such that a disc contains

more than 80 000 data points, which is sufficient to provide for

accurate quantitative fitting and refinements.

2.3. Non-linear least-square fitting

Non-linear least-square fitting routines minimize the

objective function S, which measures the difference between

the observed experimental intensity, Iobs
i , and the calculated

intensity, Ical
i , and is defined as

S ¼
P

i

ðIobs
i � cIcal

i Þ
2; ð11Þ

where c is a scale factor. By variation of parameters that are

relaxed during the refinement, the computer program

provides a minimum of S using a modified Marquardt method

(Tsuda & Tanaka, 1995). Typically, the computer program can

find a minimum in less than ten iterations. Assignment of

different initial values for various parameters ascertains that

the global minimum of S is found.

Some researchers prefer to include the background in

the refinement process in order to relax the background

(Saunders et al., 1999a; Jiang et al., 2003). We used an average

value along a ring around each disc and assign this value as a

constant background for the corresponding disc. That

assumption has proven sufficient.

The goodness of fit (GOF) is evaluated using a weighted

reliability factor (Tsuda & Tanaka, 1995)

Rw ¼

P
i ðI

obs
i � cIcal

i Þ
2=�2

iP
i ðI

obs
i Þ

2=�2
i

� �2

; ð12Þ

with the standard deviation for the ith point, �i. Generally, it

holds that �i ¼ ðI
obs
i Þ

1=2. The perfect fit between the observed

and the calculated CBED patterns would result in an Rw value

that is zero, i.e. when Iobs
i is identical to cIcal

i .

2.4. TEM sample preparation

The silicon sample used for TEM

investigation was obtained from an Si

single-crystal wafer with [001] surface

normal and a thickness of 350 mm. Discs

with a diameter of 3 mm were cut using

a South Bay Technology Model 350

ultrasonic cutter. Those discs were then

reduced in thickness to about 50 mm and

mounted on copper rings. The final

polishing to electron transparency was

conducted using a Fischione Model 1010

low-angle ion milling and polishing

system.

Prior to each TEM session the ion-

milled Si TEM samples were plasma-cleaned using a South

Bay Technology ‘PC 2000’ Plasma Cleaner to remove carbo-

naceous contamination from the sample surface.

3. Results: Debye–Waller factors and structure factors
of silicon

Crystalline silicon is an f.c.c. structure that belongs to the

space group (Fd3m) (No. 227) with a motif of two symme-

trically equivalent atoms situated at 0, 0, 0 and 1
4 ;

1
4 ;

1
4. The

lattice parameter used in this work is 0.543 nm. DW factors,

structure factors and bonding properties of Si have been

widely investigated by various methods, mainly because low-

defect-concentration, single-crystalline silicon is relatively

readily available and both X-ray and electron diffraction

experiments yielded accurate results. Structure factors have

been measured by Aldred & Hart (1973) using the X-ray

Pendellösung method at liquid-nitrogen temperature and

room temperature. Quantitative CBED measurements on Si

have been attempted using the ZAP method (Saunders et al.,

1995) and the systematic row method (Ren et al., 1997). DW

factors were theoretically calculated by Reid & Pirie (1980) in

a temperature range from 1 to 1000 K. Hence, Si is used in this

study to evaluate the accuracy of our CBED method, as the

results obtained can be readily compared with previously

reported data.

3.1. Limited-beam diffraction conditions

Fig. 1 shows a number of different sample–beam orienta-

tions that constitute four- and six-beam near-zone-axis

orientations. The circles in the reciprocal-space sections shown

in Fig. 1 schematically represent intersections of the Ewald

sphere with the ZOLZ. In each case, when the Laue center is

close to the incident or zero beam (always in the center of the

schematic reciprocal-space section depictions shown in Fig. 1),

the contrast features in the CBED pattern result from strong

interactions between low-order reflections among themselves

and low-order reflections and the transmitted or zero beam,

which makes the pattern very sensitive to the structure factors

of excited reflections. For example, in the graphical repre-

sentation of the diffraction geometries shown in Fig. 1(a), the
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Figure 1
(a) Electron diffraction pattern of an f.c.c. structure along the [001] zone axis. Circles are traces of
intersections between the Ewald sphere and the zero-order Laue plane. Two circles indicate beam
directions in two four-beam conditions. (b) Electron diffraction pattern along [011]. (c) Electron
diffraction pattern along [111].



diffracted beams g200, g220 and g020 are strongly excited

simultaneously (circle 1), satisfying their respective Bragg

conditions exactly. Therefore, the intensity distributions in the

resulting CBED discs are sensitive to Fg(200) and Fg(220). In

Fig. 1(b), using circle 1 g200, g022 and g222 are in exact Bragg

conditions, while g111 and g311 are near Bragg conditions,

rendering these five low-order diffraction vectors strongly

excited. This orientation enables the simultaneous determi-

nation of the structure factors of all five reflections from this

one pattern. Circles 2 and 3 in Fig. 1(a, b) and the circle in Fig.

1(c) represent other examples of possible near-zone-axis

multi-beam conditions. The interplay of the many beams in

these near-zone-axis multi-beam orientations results in a

sufficient number of equations that allow for simultaneous

refinement of the DW factors and the structure factors.

Conversely, in the systematic row method, only one diffracted

beam is strongly excited, which results in an insufficient

number of equations to determine simultaneously DW and

structure factors robustly with high sensitivity.

Changing the crystal orientation such that the Laue center

moves far away from the incident beam at the center of the

reciprocal-space lattice section shown in Fig. 1, the intensity

distributions in the resulting CBED discs become more

sensitive to DW factors, as then only higher-order g reflections

interact strongly with each other and are in exact Bragg

conditions. The structure factors of high-order reflections can

be approximated much better than low-order reflection

structure factors by values based on free-atom data during the

initial iterations of refinement of experimental data sets. Here,

our approach is to use the four-beam conditions schematically

described by circle 2 in Fig. 1(a) for the f.c.c. lattice to deter-

mine DW factors and to use the four-beam conditions illu-

strated by circle 1 in Fig. 1(a) to refine simultaneously multiple

low-order structure factors. The current paper focuses on the

DW factor determination aspect of the CBED experiments. In

addition to the space-group absences, reflections with even

indices obeying the condition h + k + l = 4n + 2 (n integer) also

have zero intensity for spherical Si atoms. The four-beam

diffraction condition used here for structure-factor refinement

is therefore associated with excitation of g�2220, g220 and g040 in Si

(= condition I). Tilting the crystal even further away from the

perfect [001] zone-axis orientation (Laue circle center coin-

cident with the incident-beam direction), the four-beam

condition for which g400, g040 and g440 are excited is attained,

which was used for the DW factor determination (= condition

II; Fig. 1a, circle 3).

3.2. Experimental results

3.2.1. Si DW factor. We used the single-crystal Si to

measure the accelerating voltage of the TEM instrument used

for the CBED experiments following the HOLZ line matching

technique (Zuo, 1992) and determined the voltage as 203 kV.

Near-[001] zone-axis CBED patterns in conditions I and

II (Fig. 1) were recorded for Si at 96, 173 K and room

temperature, 300 K. At each temperature CBED patterns

were collected for a range of different sample thicknesses. The

CBED patterns obtained for the diffracting condition II (Fig.

1) were used to determine DW factors of Si at these

temperatures and a typical example pattern is shown in Fig. 2.

Two-dimensional intensity data were extracted from the

CBED discs for g000, g040, g�4400 and g�4440. Every pattern in

condition II was refined using fixed structure factors based on

free-atom values and relaxing the DW factor. The results for

the CBED experiments performed at different temperatures

and sample thicknesses are summarized in Fig. 3. Examples

comparing the experimental and calculated CBED discs for

the zero beam, 000, and the diffracted beams, 040, �4400 and �4440,

used in the refinement for the DW factors are shown in Fig. 4.

At the lower temperatures (96 and 173 K) the DW factors

exhibit very small scatter (Fig. 3). With increasing sample

thickness the signal-to-noise ratio in the CBED data increases,

because the influence of residual surface contamination on the

dynamical diffraction data decreases, which improves the

accuracy of the refinements. The DW factors converge to an

average value for each temperature as the thickness increases.
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Figure 2
A condition-II Si CBED pattern obtained at 96 K. Refinement yielded a
thickness of 343.5 nm. The black circle indicates the trace of the
intersection of the Ewald sphere on the ZOLZ plane.

Figure 3
Refinement results for Si DW factors for different sample thickness at
different temperatures.



The refined DW factor values are systematically higher than

the average for sample thicknesses less than 160 nm in the

data obtained at room temperature. This can be attributed to

surface contamination effects on the quality of the experi-

mental CBED data. At room temperature the contamination

rate is increased relative to the lower-temperature experi-

mental conditions, increasing the uncertainty of DW factor

measurements (Fig. 3) for sample thicknesses less than

160 nm. The scatter of the refined values for the DW factors at

room temperature also tends to decrease as the thickness

increases. At room temperature we could not acquire CBED

patterns of sufficient quality for inclusion in the refinements

from sample thicknesses in excess of 240 nm, because detri-

mental TDS contributions become intolerable for Si. Aver-

aging our measurements for the different sample thicknesses

yields the values and standard deviations for Si DW factors for

the three different temperatures as summarized in Table 1.

These values agree well with theoretical values and other

experimental measurements for the measurements below

room temperature. The discrepancy between the room-

temperature DW factor reported by Ogata et al. and Zuo et al.

and our data becomes negligible (less than 2%) after we reject

the data obtained for sample thicknesses, t, below 160 nm,

which may have been affected significantly by contamination

during the CBED experimentation (Table 1).

3.2.2. Si structure factors of the 220 and 400 reflections.
For Si structure-factor refinement CBED patterns were

acquired under condition I for different thicknesses at 96 and

173 K. An example of a typical CBED pattern taken under

condition I is shown in Fig. 5. Pattern refinements were

accomplished by relaxing Fg(220) and Fg(400) while using the

DW factors determined experimentally here. We included 223

exact beams in the Bloch wave calculation without using the

Bethe approximation. Si is a covalently bonded material and

shows only relatively small charge transfer. Previous

measurements (Aldred & Hart, 1973) have shown that the

deviation of X-ray structure factors Fg(220) from those

obtained for the free-atom model due to covalent bonding is

of the order of 1%. This small amount of change has minute

influence on the intensity distribution in the CBED discs of

the structurally allowed reflections. Hence, any method

applied to determine structure or DW factors experimentally

requires accuracies about an order of magnitude smaller than

this small 1% change in the intensity due to the covalent

bonding in Si. Fig. 6(c, e) illustrate that almost the entire

profile can be approximated by the free-atom model (the gray

line), except for the region enclosed in the black square, where

the intensity predicted by the free-atom model is notably

lower than the intensity observed experimentally. Fig. 6(e)

clearly demonstrates that the four-beam method utilized here

is highly sensitive to changes in Fg and suitable to detect the
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Table 1
Comparison between experimental and theoretical Si DW factors.

Fitted Si DW factor
and standard

Theoretical DW factor (Å2)

Temperature (K) deviation (Å2) Reid & Pirie (1980) Ogata et al. (2008) Saunders et al. (1995) Zuo et al. (1997)

96 0.2707 (162) 0.2446 0.26 (93 K)
173 0.3476 (171) 0.3417
300, t > 160 nm 0.4833 (110) 0.5275 0.463 0.4668

Figure 5
An Si CBED pattern acquired using condition I at 173 K. Refinement
yielded a thickness of 371.6 nm. The black circle indicates the trace of the
intersection of the Ewald sphere on the ZOLZ plane.

Figure 4
Comparison between simulated discs and experimental discs after
refinement for the pattern shown in Fig. 2.



smallest differences between the true Fg of the structure and

approximated Fg values. The refined values of Fg(220) and

Fg(400) are plotted versus sample thickness at 96 and 173 K in

Fig. 7. We converted the electron structure factors to X-ray

structure factors using the Mott formula. As the thickness

increases the structure factors tend to converge. A similar

trend was observed during DW factor refinement and residual

surface contamination is a possible cause of it. The standard

deviation for structure factors during each refinement is small

compared to deviations observed in separate refinement

attempts. Hence, we report here the statistical errors in terms

of the equivalent of one standard deviation. The average

values and errors corresponding to one standard deviation,

which is s ¼ ½ð1=N � 1Þ
PN

i¼1ðxi � xÞ
2
�
1=2, are calculated and

for Fg(220) and Fg(400) listed in Table 2 together with values

from prior reports. The results reported here are consistent

with previously reported values.

4. Discussion

4.1. Multi-beam near-zone-axis method

4.1.1. Intensity sensitivity with changes in structure factor
Fg. The systematic row CBED pattern method has been known

as sufficiently sensitive for refinement of the structure factor

Fg of the excited beam in the two-beam condition. Accurate

Bloch wave solutions have been determined (Spence & Zuo,

1992). When the excitation error sg is zero, the intensity of the

transmitted beam, I0, can be written as (Spence & Zuo, 1992)

I0 ¼ cos2
�tjUgj

Kn

� �
; ð13Þ

with Kn the wavevector component in the beam direction, Ug

the structure factor of the excited beam g, and t is the thick-

ness. The partial derivative of I0 with respect to the structure

factor Ug is given as

@I0

@Ug

¼ �
�t

Kn

sin
2�tjUgj

Kn

� �
: ð14Þ

For a four-beam condition with a sample–beam orientation

such that the Ewald sphere intersects the ZOLZ at circle 1 in

Fig. 1(a), g1, g2 and g3 are excited. g1 and g2 have the same

structure factor Ug, and the structure factor of g3 is Um. When

sg1
; sg2

and sg3
are all zero, the exact solution of the intensity of

the transmitted beam can be written as (Fukuhara, 1966)

I0 ¼
3

8
þ

1

8
cos

4�tjUgj

Kn

� �
þ

1

2
cos

2�tjUm � Ugj

Kn

� �
: ð15Þ

From equation (15) follows the derivative of I0 with respect to

structure factor Ug,

@I0

@Ug

¼ �
2�t

Kn

sin
4�tjUgj

Kn

� �
þ
�t

Kn

sin
2�tjUm � Ugj

Kn

� �
: ð16Þ
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Figure 7
Refinement results of silicon structure factors Fg(220) and Fg(400) from
different sample thicknesses at different temperatures.

Table 2
Comparison between experimental and theoretical Si structure factors Fg(220) and Fg(400).

Structure factor Present work at 96 K Present work at 173 K Aldred & Hart (1973) Teworte & Bonse (1984)† Ogata et al. (2008)‡ Free atom

Fg(220) 8.659 (8) 8.654 (8) 8.651 8.682 8.685 8.712
Fg(400) 7.456 (13) 7.440 (28) 7.444 7.446 7.478 7.511

† DW factor is set to be 0.4 Å2 to convert it to X-ray scattering factor per Si atom. ‡ DW factor is set to be 0.463 Å2 to convert it to X-ray scattering factor per Si atom.

Figure 6
(a) to (d) Comparison between simulated discs and experimental discs
after fitting for the pattern shown in Fig. 5. Rw = 0.136 after refinement.
(e) Intensity profiles along the black line trace in (c) pointed to by an
arrow for the experimental disc, the simulated disc based on free-atom
data and the simulated disc after structure-factor refinement.



@I0=@Ug has been plotted for different thicknesses for both

the two-beam condition and the multi-beam orientation of

condition I for Si (Fig. 8). Ug is set to be 0.04 Å�2 and Um is

0.024 Å�2. Kn is calculated using an accelerating voltage of

200 kV. Fig. 8 shows that generally the intensity for the four-

beam condition is more sensitive to changes in structure factor

than for the two-beam condition. It is also discernible that

with increasing thickness the magnitude of @I0=@Ug increases.

CBED patterns from thick areas are more sensitive to struc-

ture factors. However, CBED patterns from thick areas are

also always noisy and exhibit diminished contrast, because of

high absorption and also potential defect content in the scat-

tering volume of the material. As there are no analytical

solutions for the ZAP method (Fukuhara, 1966) it could not

be included in this part of the discussion. While the ZAP

method might also be very sensitive to changes in structure

factor, the treatment of the background and the differences in

intensity distribution in the center disc compared to the

diffracted discs at higher scattering angle compromise the

precision and accuracy that can be attained in the ZAP

method, which is reflected in the typically large Rw values that

are obtained (Table 3).

4.1.2. Rw value. The Rw value is used here to evaluate the

goodness of the fit. Smaller Rw values correspond to increased

reliability and reduced uncertainty of the refinement result.

We have performed ZAP CBED experiments for comparison

with the multi-beam near-zone-axis CBED method in order to

provide a direct comparison regarding the goodness of fit and

robustness of the refinements of structure factors. The results

of this comparison are summarized in Table 3. Table 3 shows

that Rw is in general significantly higher for ZAP CBED

compared to the four-beam condition. In ZAP CBED, the

intensity of the transmitted beam is orders of magnitude larger

than for the diffracted beams, unless the pattern is recorded

in a very thick region. Hence, ZAP CBED data sets are

subjected to noise and Kikuchi bands, which makes the

background subtraction difficult. Even though the intensity

distributions in discs affected by Kikuchi bands and noise are

corrupted, those discs still have to be included in the refine-

ment as the intensity distribution in the center disc alone does

not provide sufficient information for robust refinements of

the structure factors and DW factors. Conversely, in the

multi-beam (four-beam or six-beam) conditions, the intensity

is evenly distributed between the transmitted and the

respective diffracted beams. Every disc contains sufficient

intensity to reduce the usually detrimental influence of noise

and inelastic scattering. Therefore the magnitudes of Rw can

be significantly reduced if CBED patterns are obtained in

these types of multi-beam near-zone-axis orientations. Cooling

the sample to liquid-nitrogen temperature results in further

improvement of the goodness of fit, i.e. a reduction of the Rw

(Table 3).

4.1.3. Beam selection. Although multi-beam near-zone-axis

CBED pattern orientations are more sensitive than zone-axis

pattern or two-beam conditions regarding structure-factor

changes, it was found in this work that it can be disadvanta-

geous to include all diffracted beams in the refinement.

Generally in the ZAP as well as the multi-beam near-zone-axis

method not every disc is sensitive to structure-factor changes.

The inclusion of structure-factor-insensitive discs in the

calculation can introduce large errors, rendering the refine-

ment useless. While it can prove rather difficult in the ZAP

method to find criteria to determine which beams to include

and which to discard, the selection criterion for the multi-

beam near-zone-axis method is relatively straightforward.

Strongly diffracting beams with s = 0 interact strongly with

each other and the transmitted beam, and are very sensitive to

changes in structure factor. Diffracted beams with large

excitation errors s that interact only very weakly with all the

other beams can be quite insensitive to structure-factor

changes. Inclusion of diffracted beams with large s can

research papers
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Table 3
Comparison of Rw for Si structure-factor refinement with the ZAP CBED method and the multi-beam near-zone-axis CBED method according to
condition I (Fig. 1).

Si Thickness (Å) Rw using free-atom model Rw Fg(220) is relaxed Rw Fg(220) and Fg(400) are relaxed

Room temperature, zone-axis pattern 1437.10 0.241 0.235 0.231
2228.98 0.217 0.210 0.209
2725.49 0.289 0.283 0.281

Room temperature, condition I 2001.58 0.181 0.170 0.169
1718.33 0.187 0.181 0.179
1407.29 0.184 0.178 0.177

Liquid-nitrogen temperature, condition I 1324.98 0.152 0.147 0.145
1354.87 0.139 0.131 0.129
1809.41 0.135 0.122 0.119

Figure 8
Plot of @I0=@Ug at different beam conditions for different thicknesses.



increase Rw from 0.15 to 0.4. Hence, only discs that fulfill the

Bragg condition should be included in the refinement.

4.2. DW and structure factor determination of crystalline Si

The multi-beam near-zone-axis method has been success-

fully applied to determine low-order structure factors and DW

factors for Si at three different temperatures. Table 1 shows

very good agreement between the measured DW factors and

theoretically estimated values at the three different tempera-

tures (Reid & Pirie, 1980). The experimentally determined

DW factors have subsequently been used to refine the struc-

ture factors for the 220 and 400 reflections. Table 2 shows that

structure factors obtained at different temperatures are

consistent and in good agreement with literature results

(Aldred & Hart, 1973; Teworte & Bonse, 1984; Ogata et al.,

2008). These experimentally obtained results for crystalline

Si demonstrate that the multi-beam near-zone-axis CBED

method has successfully been applied to obtain quantitative

values for structure and DW factors. This result shows that

the multi-beam near-zone-axis CBED method is accurate

and sensitive enough to allow structure and Debye–Waller

factor refinement with less than 1% error, which is a

requirement for electronic structure determination to probe

the effects of bonding. Hence, the results obtained by this

method are suitable for experimental electronic structure

determination.

5. Conclusion

We have described the application of a multi-beam near-zone-

axis CBED method, a modified zone-axis CBED method, to

improve the accuracy of determination of DW factors and

multiple structure factors. By selecting four-beam conditions

near the [001] zone axis, we successfully determined DW

factors at three different temperatures [B(Si) = 0.2707 Å2 at

96 K, B(Si) = 0.3476 Å2 at 173 K and B(Si) = 0.5063 Å2 at

300 K] and the Fg(220) (8.659 at 96 K and 8.654 at 173 K) and

Fg(400) (7.456 at 96 K and 7.440 at 173 K) structure factors

with very high accuracy. We thereby successfully verified the

validity of the method.

This work was supported by a grant from the Office of Basic

Energy Sciences, a division of Materials Science and Engi-

neering, of the US DOE (grant No. DE-FG02-08ER46545).
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